Abstract: Gauge symmetry enhancing, at specific points of the compactification space, is a distinguished feature of string theory. In this work we discuss the breaking of such symmetries with tools provided by Double Field Theory (DFT). As a main guiding example we discuss the bosonic string compactified on a circle where, at the self-dual radio the generic U(1) × U(1) gauge symmetry becomes enhanced to SU(2) × SU(2). We show that the enhancing-breaking of the gauge symmetry can be understood through a dependence of gauge structure constants (fluxes in DFT) on moduli. This dependence, in DFT description, is encoded in the generalized tangent frame of the double space. The explicit T-duality invariant formulation provided by DFT proves to be a helpful ingredient. The link with string theory results is discussed and generalizations to generic tori compactifications are addressed.
Introduction
The extended nature of strings is responsible for several amazing phenomena that are not conceivable from a field theory of point particles. When moving on compact space, besides the expected states associated to KK compact momenta, a string can wind around non-contractible cycles leading to the so-called winding states, with the winding number being an integer counting the number of times that the cycle is wrapped by the string.
Quantum states are thus labelled by specific values of KK momenta and windings.
The interplay among winding and momentum modes underlies T-duality, a genuine stringy feature. Such interplay manifests itself by connecting the physics of strings defined on geometrically very different backgrounds. At specific points of moduli of the compact space, states in some combinations of windings and momenta become massless and can give rise to enhanced gauge symmetries (see for instance [1, 2] ). The simplest example is provided by the compactification of the bosonic string on a circle of radio R. The resulting theory, which contains a U(1) × U(1) gauge group, is equivalent to a string compactified on a circle of radioR = α ′ R (where α ′ is the string constant) if momenta and winding are exchanged. At the self-dual point R =R = √ α ′ the gauge symmetry is enhanced to
SU(2) × SU(2).
When the compact space is a r dimensional torus T r , characterized by some background moduli (internal metric and anti-symmetric fields), T-duality implies that backgrounds related by the non-compact group O(r, r, Z) are physically equivalent. Generically a richer structure of points of gauge enhancing appear.
Recall that, from the world sheet point of view, states are created by vertex operators involving both coordinates associated with momentum excitations and dual co- appears. However, at specific points, the symmetry becomes enhanced to a gauge symmetry G L × G R where G L(R) are non-Abelian gauge groups of rank r. For example, in a two torus T 2 , a generic (U(1) × U(1)) L × (U(1) × U(1)) R is enhanced to SU(3) L × SU(3) R or (SU(2) × SU(2)) L × (SU(2) × SU(2)) R etc. at different points.
Let us sketch, as motivation of our work, the case of circle compactification at self-dual point 1 . The effective action in d dimensional space, computed from string theory 3-point amplitudes [3] reads
where the first row contains the universal gravity contribution, the second one contains the gauge field strength for the vector fields of SU(2) L and SU(2) R (that we denote here as A This is discussed in Ref [3] (and briefly reviewed below) where it was observed that the spectrum of the bosonic string has (d + 3) 2 massless states: d 2 from g µν and B µν , 6d from the vector states and 9 the scalar states. The number of degrees of freedom precisely agrees with the dimension of the coset
that counts the number of degrees of freedom in the DFT formulation with symmetry
In general a DFT action with O(D, D) symmetry with D = d + n, can be written as
after a generalized Scherk-Schwarz [5] like n dimensional compactification. In this expression H IJ with I, J = 1, . . . , 2n is the, so-called, generalized metric containing the scalar fields coming from the internal components of the n-dimensional metric and B-field. R is the d-dimensional Ricci scalar and the field strengths F A µν and H µνρ are
The covariant derivative of the scalars is
The structure constants f N LI = η N K f K LI are completely antisymmetric and η N K is the O(n, n) metric 
After expanding around a fixed background the internal generalized metric H IJ can be written as
By replacing above expressions into the action (1.3), and after absorbing constants into the fields, the SU(2) ×SU(2) theory given in (1.1) is reproduced. Of course, any reference to DFT could be omitted and just present the above (1.3) action as an interesting way of writing the original expression.
It is worth looking at the term containing the derivatives of scalar fields. Since the metric H = I + . . . contains a constant term, the identity, the action could have a contribution,
Namely, a potential "mass term" for the vector bosons.
Moreover, by splitting the O(n, n) indices into Left and Right indices, that we denote as A = (a,â) and by using that
BC is completely antisymmetric, the above term can be recast as
where a sum over repeated indices is understood.
Since in our example f IJK = (f ijk ,fˆiĵk) the first three "Left" indices do not mix with the last three "Right" ones, such terms vanish.
However, we could envisage a situation where Left and Right indices do mix. In fact, this is what we expect from string theory when we move away from the self dual point. Vertex operators that at the dual point depend only on Left coordinates (or Right coordinates) acquire a mixed dependence and the group breaks down to U(1) L × U(1) R (in the circle example). From this observation we could imagine a description of the symmetry breaking where the structure constants have a dependence on the moduli, namely f IJ K (R), such that for the dual point R =R = √ α ′ Left and Right indices do not mix but generically do, away from the fixed point. Let us propose, out of the blue, the following constants
withî ≡ i + 3 and
If we go back to equation (1.9) and replace above flux values we find
µ acquiring a mass m − whereas A 3 andĀ 3 remain massless, indicating that the gauge group is spontaneously broken to U(1) L × U(1) R . Moreover, by looking at
we notice that there is a coupling
, identifying M ±,3 as would be Goldstone bosons
In fact, by replacing the proposed structure constants in the action (1.3) and after some redefinitions it can be shown that the full string theory effective action [3] , computed away from the self-dual point (and keeping slightly massive terms), is reproduced.
Interestingly enough, the structure constants in the action (1.3) can be understood from a DFT perspective. In generalized Scherk-Schwarz reduction of DFT [5, 4] they appear as the generalized fluxes of the algebra associated to a generalized vielbein on a doubled internal space. Indeed, it was shown in [3] that such a generalized frame can be explicitly constructed to account for the description of the circle compactification at the self-dual point. In the following sections we indicate how to generalize this frame in order to provide a description valid also (slightly) away from the point of enhancing. The constants presented in (1.10) are then obtained as generalized fluxes from this frame. It is worth emphasizing that, therefore, the resulting DFT construction involves, besides massless states, massive states that become massless at the fixed point. The breaking is not achieved by giving vacuum expectation values (vev's) to scalar fields. We also indicate how to extend the construction to toroidal compactifications in more dimensions and provide some examples for the T 2 case. An interpretation from the string theory point of view is provided as well.
In Section 2 we review the basic ideas of Double Field Theory, with special emphasis on the symmetry enhancing situation and by highlighting the ingredients needed in our construction. In particular we discuss how to extend the frame description, away from points of enhancing, from the circle compactification example.
In Section 3 we discuss how to extend the DFT construction to describe the enhancingbreaking of gauge symmetries at different points of m dimensional toroidal compactification. The structure of the gauge groups associated to fixed points is known to be of the form G L × G R where G L (R) are non Abelian gauge groups of rank m.
Concluding remarks and a brief outlook are presented in Section 4.
DFT and enhanced gauge symmetries
Generalized Complex Geometry (GCG) [7, 8, 9] and Double Field Theory (DFT) [10] are proposals that aim at integrating T-duality as a geometric symmetry. In DFT the presence of windings, an essential ingredient of T-duality, is achieved by introducing new coordinates associated to the winding numbers. Thus in DFT fields depend on a double set of coordinates. This idea, first proposed in [11, 12, 13] , received new impulse in recent years [14, 15, 16] (see [4, 17] for some reviews on the subject and references therein).
Generically, these double field theories are constrained theories since some consistency conditions must be satisfied to ensure closure of generalized diffeomorphism algebra. A quite restrictive condition, the so called section condition (or strong constraint), ensures consistency at the price of eliminating half of the coordinates and, therefore, abandoning the original motivation. However, it is worth emphasising that this constrained DFT, which in this case essentially coincides with GCG, still provides an interesting description for understanding underlying symmetries and stringy features (for instance α ′ corrections have been recently incorporated [18, 19] in these formulations). An alternative constraint is provided by generalized Scherk-Schwarz like compactifications [20] of DFT [5] . These compactifications contain the generic gaugings of gauged supergravity theories [21, 22] allowing for a geometric interpretation of all of them. In this framework, the double coordinates enter in a very particular way through the twist matrix. Constant gaugings are computed from this matrix and, generically, closure of the algebra is ensure if these gaugings satisfy some quadratic constraints [23] with no need of a strong constraint requirement. A generalization of this formalism was proposed in [3] in order to account for the description of gauge enhancing. The proposal of [3] , discussed for the example of circle compactification on D = d + 1 and inspired in the relation with the coset ( In what follows we, briefly, review some basic features of GCG and/or DFT. The theory is defined on a generalized tangent bundle which locally is T M ⊕ T * M and whose sections, the generalized vectors V , are direct sums of vectors v plus one forms ξ, V = v+ξ. 
A generalized frame E
A natural pairing between generalized vectors is defined by
where the O(D, D) metric η MN has the following off-diagonal form A generalized metric can be constructed as
The generalized metric can be parametrized as
where gμν(X), Bμν(X) are a symmetric and an anti-symmetric tensor, respectively.
The generalized vectors transform under generalized diffeomorphisms as
The dilaton field ϕ is incorporated through density field e −2d = |g|e −2ϕ that transforms like a measure
The algebra of generalized diffeomorphisms closes provided a set of constraints is satisfied.
The generalized diffeomorphisms allow to define the generalized dynamical fluxes[4]
Fluxes are totally antisymmetric in ABC (flat indices) and transform as scalars under generalized diffeomorphisms, up to the closure constraints.
In generalized Scherk-Schwarz compactifications [5, 4, 6] the frame is split into a space-time piece and an internal one. The former depends on the external d-dimensional coordinates 2 x µ while the latter strictly depends on the internal n-dimensional (where
and
The matrix U encodes the field content in the effective theory, while E ′ is a generalized frame that depends on the internal coordinates. All the dependence on the internal coordinates is through the frame. By using this splitting ansatz the generalized metric
where all the field dependence on space time coordinates is encoded in
parametrizing the moduli space. In particular, we will deal with the "internal piece" H IJ ,
where I, J = 1, ..., 2n are frame indices on the internal part of the double tangent space.
It proves useful to rotate to a Right-Left basis C where left and right coordinates are
. Namely, the rotation matrix reads
and therefore from
it is possible to show [3, 33] that the scalar matrix, in the Left-Right basis C can be written as an expansion in scalar fluctuations
with n 2 independent degrees of freedom.
By using the expression for the generalized Lie derivative in the specific case of the frame
where the fluxes f IJ K , for the generalised Scherk-Schwarz reduction, must be constants and must satisfy the constraints
The information about the internal space is encoded in these constants. When replacing above results into the initial DFT action (1.3) the expression presented in (1.1) is obtained.
Enhanced gauge symmetry on the circle
In Ref.
[3] a specific DFT frame was presented 3 in order to reproduce the effective action, obtained from string theory compactification on the circle, at the self-dual point. As mentioned it requires to enhance the tangent space to D = d + 1 + 2 but the frame only depends on the circle coordinate and its dual. In a Cartan-Weyl basis the frame vectors
read,
The directions E± ≡ E 1 + iE 2 (andĒ± = E1 + iE2 ) encode the extension of the tangent space. It is easy to check that, by using (2.14) (setting c = i √ α ′ ) and by noticing that the only contributions to the partial derivative are
the SU(2) L × SU(2) R coupling constants (1.7) are obtained. In the Cartan-Weyl basis they read,
where we have used a hat to denote the indices constructed up from 4, 5, 6 Right indices.
The construction of the frame is inspired in the coset structure (1.2) and on the structure of vertex operators in string theory 4 . Namely the correspondence among frame vectors and string current generators [3] can be established (here e ±L = e 1 ± ie 2 , e ±R =
where
are the string currents satisfying the Operator Product Expansion (OPE) algebra of SU (2) L (and similarly for the Right sector). The corresponding string vertex operators V i (z,z) for vectors are
where i = ±, 3 and K µ is the space time momentum.
A similar construction was presented in [26] (see also [27] ) for the case of the S 3 reduction in the context of the WZW model, inspired by [28] . The purely geometric case was studied in [29] . For the non-geometric one [26] , the authors were able to show that allowing for a non trivial dependence on the dual coordinate of the Hopf fibre, non-geometric gaugings can be obtained [30] . However, unlike the toroidal construction presented here (and in [3] ) where a clear world sheet picture arises, the S 3 does not have non-contractible cycle and, therefore, no winding states were really considered in [26] .
For general compactification radios, the dependence on moduli is encoded in the exponential part of the vertex operators
in terms of KK momenta p and winding numberp satisfying the level matching condition anism by absorption of a vertex corresponding to a would be Goldstone boson field [3] .
With this picture in mind we generalize the frame (2.17) by including the dependence k L y L + k R y R for the found values of momenta and windings. 
Again, by using (2.14) we obtain
Thus, we find that, by computing the fluxes (2.16), and up to a normalization factor
√ 2, the constants proposed in (1.10) are obtained (here written in a complex combination). Notice that, if R →R then a − (a + ) → 0(1) and the original SU(2) × SU (2) algebra is recovered. Moreover, it is easy to check that the algebra is invariant under T-duality transformation R ↔R.
As mentioned, by systematically replacing the above structure constants (fluxes) into the general DFT action expression (1.3), the exact spontaneously broken action, with In the same way it can be checked that the masses of the would be Goldstone bosons
3± coincide, as it should, with the masses m − of the massive vector bosons.
Moreover, the same row in (1.3) for cubic terms in M lead to
5 Recall that, depending on the value of R half of the scalars become tachyonic. This is an artefact associated to the ill defined bosonic string.
Coming back to the expressions (2.27), it is worth noticing that the above brackets close into a Lie algebra for arbitrary values of R. Indeed, by recalling that
are totally antisymmetric, it is easy to check that Jacobi identity is satisfied. Of course, the found algebra should correspond to one of the known semi-simple algebras. Since it involves six charged generators and two Cartan ones the only possibility is SU(2)×SU(2).
Actually, this can be explicitly shown by performing the linear combinations of generators
namely a rotation by the O(3, 3) matrix
and using that a 2 + − a 2 − = 1. We thus see that, even in the broken phase, there is still an underlying SU(2) symmetry (now mixing massive and massless states). However, once the above frame is chosen, the O(3, 3) full symmetry gets broken and, therefore, it can not be rotated to the starting point. Recall also that, in terms of fields, the combination of U(1) gauge bosons
is the right combination in terms of
which are the KK reductions of the metric and antisymmetric fields and with respect to which massive states carry integer charge (see [3] ).
It is instructive to look at the above results from the string theory point of view.
There, the structure constants can be essentially read from the 3-gauge vector bosons vertices with vertex operators V i . For the massless case they read (see [3] for notations and explicit computations), for Left vectors,
where K 1 , K 2 , K 3 are the space time momenta of vertices i, j, k respectively. Namely, we can read the ǫ ijk structure constants of SU(2) L (and similarly for SU(2) R ) and there is no mixing between L-R sectors.
On the other hand, away from the self-dual point we find the three-point coupling of
Left and Right vectors can be written as
) is a factor that depends on space time momenta and vector polarizations. Thus, if by analogy with the dual point case, we interpret the coefficients as the moduli dependent coupling constants we find; f +−3 (R) = a + , f +−3 (R) = a − etc. Moreover, by considering the combinations (2.33) above, we can again identify the underlying SU(2) structure. The SU(2) controls the allowed three point functions through conservation of internal Right and Left momenta.
Enhancing-breaking of gauge symmetries for generic toroidal compactifications
In this section we briefly discuss possible realizations of the enhanced symmetry breaking mechanism, through moduli dependent structure constants, for general toroidal compactifications. Bosonic string compactification [2] on a T r torus of r dimensions gives rise to a gauge symmetry group G L × G R of rank 2r (r coming from Left and Right vectors associated to the metric and B field degrees of freedom). At generic points of the compactified manifold this group is simply U(1) r L × U(1) r R but, at special moduli points, G L is a non abelian group with dimG L = n = n c +r. Here n c counts the number of charged generators associated to the presence of non trivial winding and KK momenta. By reasoning as in the circle case, if we assume that the number of massless degrees of freedom at some point of enhancing is given by :
with Left and Right momenta
a m e a n defines the internal metric whereas B mn are the internal components of the Kalb-Ramond field.
Notice that, by using (2.11) the following relation holds we see that there are six generalized momentum vectors
that satisfy the LMC, and such that P m R = 0. They give rise to six extra massless states with
Similarly P = ±(−1, 1, 1, 0), ±(0, −1, 0, 1), ±(1, 0, −1, −1) lead to same roots for P R while P L = 0. At the end, the enhanced SU(3) L × SU(3) R gauge group is generated.
Also, for
and B = 0 an enhancing to (SU(2) × SU(2)) L × (SU(2) × SU(2)) R is obtained for
The √ 2 is just a normalization factor in order to keep the usual convention for α 2 = 2 for the roots.
The description of the enhancing-breaking of the gauge symmetry could be, in principle, described by generalizing the steps presented in the previous section for the circle particular situation. We have not pursued this construction systematically but we present some examples for the 2-torus case 7 . For a general r-torus compactification, from a DFT point of view, we should consider a doubling of the internal manifold T r ×T r , incorpo- For generic points in the compact manifold we will have internal directions e a m (g, B) depending on the moduli fields and, therefore, so do k
8 . At selected values of g, B these directions become the simple roots of the enhancing algebra. Therefore, away from fixed points we expect the frame vectors to depend on both e
as in fact, we found in the circle case (recall that the possible values of P are fixed). When moving into the fixed point, P values will produce the roots of G L (and k P R = 0) and the roots of G R (and k P L = 0 ). This is indeed what we found in the circle case and we now illustrate in its simplest generalization of the 2−torus case near the SU (2) 4 fixed point.
Let us name Y M = (ỹ m , y m ), m = 1, 2, the double torus coordinates or (y Lm , y Rm ) in a L − R basis. The exponential contributions can now be written in terms of e iθ j where
7 A systematic derivation is proposed in [33] with a modification of the generalized Lie derivative. 8 We avoid writing the dependence on moduli in order to lighten the notation Here (j) encodes the P = (p 1 , p 2 ,p 1 ,p 2 ) values that would lead to SU(2) j at the self-dual
where at the corresponding self-dual point k 
where v ±j = (0, 1, ±i) (v 0j = (i, 0, 0)) is a 3 dim vector inserted at position j. Notice that E +(j+3) ≡Ē +(j) correspond to Right vectors. At the self-dual point these vectors lead to SU(2) L × SU(2) R algebra for each value of j.
Moving away from the SU(2) 4 fixed point generically mix the twelve generators leading to moduli dependent structure constants f IJK (g, B) (I, J, K = 1, . . . 12). Actually, due to the frame structure (3.12), the mixing occurs between Left and Right components for a given value of (j), namely for the same would be SU(2) j frame.
For instance, by setting for simplicity for B = 0 but for generic metric, we find
(3.13) (2) 4 enhancing. Also,
Recall that, generically, for a given point of enhancing (g 0 , B 0 ) with G L × G R gauge group, once the values of fluxes f ABC (g, B) are found, we just have to plug them into the DFT action to obtain the effective gauge symmetry broken action. We have shown how to compute these fluxes from a generalized tangent frame construction. However, we can easily read them from string theory 3-vector bosons amplitudes, as we saw for the circle case. Namely, at a given fixed point, as mentioned k
L(R) = 0 for Cartan vectors. Let us consider the 3-point amplitudes for massless bosons. For charged bosons we can write, up to an antisymmetric factor in vertex indices depending on vector polarizations (see (2.35)), as
where f α (P 2 ) α (P 2 ) α (P 3 ) (g, B) = 1 if P 3 = −P 1 −P 2 and vanishing otherwise due to momentum conservation. The constants are antisymmetric. At the self-dual point this indicates that structure constants f α 1 α 2 α 3 vanish unless α 1 + α 2 is a root (and similarly for Right the sector). For the same reason mixings of Left and Right indices vanish. On the other hand, by denoting by V (I L(R) ) with I = 1, . . . r the Cartan vectors, the only non vanishing amplitudes are
and, by identifying the amplitudes coefficients with algebra structure constants, we have
where we have used hatted indices for Right generators. Thus, we propose the algebra
where we have used α = α (P) to alleviate the notation. It is easy to show that (3.19) satisfies Jacobi identities. and therefore defines a Lie algebra.
At the self dual point (where As mentioned, when replacing these moduli dependent fluxes into the generic DFT action the effective string theory action is reproduced, as long as up to slightly massive states are kept. Therefore, DFT is providing us with a generic field theory action that leads to an accurate description of string theory results even in a non trivial stringy situation of gauge symmetry enhancing-breaking when massive states with associated momenta and winding are present. As discussed in [3] for the circle case (and extended in [33] for other situations) by giving vev's to some specific scalar fields, the string broken A possible way these jumps could be actually understood is through a GKK mode expansion, as considered in [24] , but allowing for states with LMC δ(P 2 ) = ±1, 0. For instance,
where P L , P R depend on moduli (3.3). When moving continuously along the moduli space, for certain values of P, GKK modes k R = 0 and the corresponding fields A captured by the extended tangent frame vector in DFT. Moreover, we saw that at the neighbourhood of the point of enhancing associated to a gauge generator algebra G, there is still an underlying global G algebra, mixing massless (Cartans) and slightly massive states. When moving away from that point other fields, now with comparable masses, will come into play and will have non neglectable 3-point amplitudes indicating a possible infinite enhancing of the global algebra. This appears to be an indication of the presence of a Generalized Kac-Moody algebra of the kind discussed in [24] but including unpaired LMC conditions. Of course these ideas need further investigation.
For the sake of simplicity we have dealt with the bosonic string example. However the reasoning should be straightforwardly applicable to the (bosonic sector) of Heterotic theories ( [14] ) or Type II theories obtained from U-dual Extended Field Theories (EFT) [32] .
It could also be interesting to explore the inclusion of extra tangent dimensions directly in gauged supergravity theories [21, 22] . Namely, the propagators read
and the vertex operator momenta are
The stress energy tensor is
The mass of the string states is
where N,N are the number of string oscillators and the level matching condition reads
and similarly for the right moving one.
A.1 Torus example
The frame base can be written as (as mention the factor √ 2 is included to maintain the normalization conditions α 2 = 2 for simple roots) 4) leading to the matrix g mn = e m .e n = α m where
are the SU(3) simple roots.
On the other hand, G 22 = G 11 = 2; G 12 = 0 corresponds to an SU(2) × SU(2) algebra.
Metric and B field define the complex structure U = U 1 + iU 2 and Khaler structure T = T 1 + iT 2 of the torus with U 1 = 
B General enhancing groups
We show here that, in the general case of an enhancing from U(1) 
B.1 Vector masses
The vector mass terms in the Lagrangian read
If the fluxes do not mix Left and Right sectors (as it happens at the self dual point) then all vectors are massless. From momentum conservation we know that f aIĉ = f aĪĉ = 0.
Moreover a andĉ can not be charged indices simultaneously. Then
We conclude that indices B, E in the previous expression must be charged indices and, moreover, they must be equal by momentum conservation 
B.2 Scalar masses
We denote the, (dimG−r) 2 , massless scalars charged under Left and Right gauge group as M αβ . In string compactification they are described by the vertex operators V αβ (z,z) ∝ 
